
and Lewis numbers; p, density; a, slope of liquidus line on state diagram; v, D, a, ~, k, D2, 
c, k0, ~m, ~T, ~D, kinematic viscosity, dynamic viscosity, thermal diffusivity, thermal con- 
ductivity, permeability, diffusion coefficient, specific heat, impurity distribution coef- 
ficient, magnetic viscosity, and coefficients of thermal and concentrational volume expansion; 
g, acceleration due to gravity; 8L, 8S, 8 C TC, liquidus, solidus, and crystallization tem- 

~ \ <P2 ~ <P2>, <(J • B)~>, volume means of quantities in the liquid phase; peratures; k, ~ 1- k0Pl/p2;\U2/, ,, . 
<U>2 true volume mean veloci ty  of liquid phase; L, la tent  heat of phase t rans i t ion ;  Da = k/x~, 
Pr m = Vm/V Darcy's number and magnetic Prandtl number; Pr,  = Prm/Pr; S, electrovortex-flow 
parameter; Vr, Vz, r ,  z, ~ , dimensionless radial  and ve r t i ca l  veloci ty  components and coor- 
dinates, e l ec t r i c  potent ia l ;  Pr e = Prve/~; <V.>2 <m>, <~> dimensionless true volume mean velo- 
c i ty ,  volume mean vortex veloci ty ,  and volume mean current function of the liquid phase; 
% =  aCo/T~; K = L/(o~T~); c* = 1 +  ( c l / c 2 -  1)~ - - K O ~ / a o ; ~  = ~ / L ~ - - 1 ; p .  : Pl/p~--1; q j ,  q,  d i m e n s i o n l e s s  power  
o f  J o u l e  h e a t i n g  and  h e a t  s i n k s  in  t h e  p e l l e t  and t h e  a l l o y ;  r 0, r a d i u s  o f  ESM i n g o t ;  v ,  = 
v , ( $ ) ,  e f f e c t i v e  k i n e m a t i c  v i s c o s i t y  [ 4 ] .  I n d i c e s :  1, s o l i d  p h a s e ;  2,  m e l t ;  3) i n g o t  mold 
( m q l d ) ;  4) h e a t - i n s u l a t i o n  b u s h e s .  
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12. 

STRUCTURAL PARAMETRIC METHOD OF IDENTIFICATION OF 

MATHEMATICAL MODELS OF TECHNOLOGICAL PROCESSES 

P. V. Sevast'yanov UDC 536.24 

A method is proposed for simultaneous estimation of the model parameters and their 
quality according to a set of criteria. Models of solidification in a chill mold 
are considered as an example. 

The distinguishing singularity of any sufficiently complex technological process is the 
possibility of development of a whole series of competing models for its mathematical des- 
cription, that could formally be represented in the form Y = f(X, @ ). In addition to the 
parameteric identification problems here, the estimate of O using models and test data, 
questions of structural identification, i.e., selection of the best model out of the avail- 
able set, also occur. 

As is mentioned in [i], these problems are interrelated since there is no sense in com- 
paring models for accuracy prior to estimation of the parameters, and refining the parameters 
of a model of inadequate structure. 

Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 57, No. 3, pp. 459-463, September, 
1989. Original article submitted March 23,1988. 
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Analysis of attempts at identification in a complex [2] shows that the main obstacles 
on the road to constructing a constructive method of estimating the model quality and the 
values of its parameters are the presence of several particular model quality criteria, there 
non-equivalence, the difficulty of formalizing particular criteria because of uncertainties 
associated with subjective preferences of the researcher and having a non-statistical nature 
in this connection. To overcome the difficulties mentioned the apparatus of the theory of 
odd sets [3] is utilized in this paper. 

Rejecting such aspects as the exploitational characteristics of the model, in a first 
approximation it can be assumed that the collective estimate of its quality is determined 
by the criteria for accuracy of prediction and physicality of the parameter values. The 
physicality criterion is equivalent to the requirement that the estimated values of the adap- 
tive parameters fall into a physically allowable range of their values. The boundaries of 
these latter are quite indistinct since they are ordinarily estimated on the basis of dis- 
connected literature data. Moreover, different values of the parameter within the limits of 
the allowable range are often not equivalent from the viewpoint of the researcher. The desir- 
ability functions ~(8) [3] that grow from 0 to 1 as 8 changes from the boundary of the allow- 
able range to the domain of most preferable values, are used to formalized such criteria in 
the method being proposed. 

Despite the known arbitrariness in assigning ~(8) , such criteria are more informative 
that the simple demand that8 fall into a given domain. 

Utilization of the desirability functions can also expand the informativity of the accu- 
racy criteria. Thus, for instance, by using desirability functions B(Y c - Ye) that are non- 
symmetric with respect to Ye, the great preference of the exaggerated or lowered computed 
values can be taken into account. Let there be m accuracy criteria P,,.(Yi), i= I, .... m de- 

1 
pendent on the component of the vector of the model output variables ~i and k physicality 
criteria ~(Sj), j = 1 ..... k, dependent on the components of the parameter vector Sj. 

It is shown in [4] where different methods of convoluting particular criteria into a 
global criterion were investigated, that the optimal modification is the convolution proposed 
in [5]. Taking account of these results, the convolution of quality criteria for any point 
of an experiment X i in which values of the input and output variables are known can be repre- 
sented in the form 

D (Xi, 8)  - -  r a i n / ~  ~v~ ~v ~, v .  (Yx(X~))  . . . . .  ~ v ~ m ( Y , . ( X O ) ,  

�9 . . ,  ~ o  k ( O h ) ) ,  

ficients, or ranks, are found 
pairwise comparison matrices. 
solving a complex problem for 
comparison procedure. 

where ~yl, -.., ao~ are coefficients of the relative importance of particular criteria. The 
method elucidated in [3], whose crux consists of the pairwise estimation of the relative sig- 
nificance of all the criteria, was utilized for their estimation. Each estimate is charac- 
terized by its numerical value entered in a square matrix of pairwise comparisons, whose num- 
ber of rows and columns equal the number of criteria. The desired relative importance coef- 

by the method in [3] by solving the eigenvalue problem for 
The method being utilized for ranking the criteria permits 

estimating their significance in terms of a simpler pairwise 

Besides the accuracy and physicality criteria, (i) can include any others, for instance, 
the desirability function r(z) determined by means of the machine time expenditure x. 

Taking into account that 8b..., 8~ , can be variated within the limits of the allowable 
bands as well as that, as follows from (5), the maximal D correspond to the maximal values 
of the particular criteria, the estimate of the model quality at the points X i is represent- 
able in the form 

D o (Xz) = max D (Xi, 8) .  
o ( 2 )  

Evaluating (2) in the whole set of points of the experiment XI, ..., XN, we obtain the set 
Die(X1) ..... D~o(%N). The hypothetical "ideal" model should evidently satisfy all the particular 

criteria completely. Taking account of (i) and (2), it follows from the normalization condi- 
tion to one for these latter that Di,~o(Xi)--~1, should be satisfied for such a model at all 
points of the experiment, where Dio~Di, i~. Consequently D~e can be considered as a measure 
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of the nearness of the model to the hypothetical "ideal", which permits the formal introduc- 
tion of the odd set DD = (D~o/X~), into the domain of the experiment, where Dio can be inter- 
preted as the value of a certain desirability function characterizing the degree of satisfac- 
tion of the requirement on the model at the points X i. 

Developed in [6] are methods of formalizing and later operating by using odd sets with 
objects of linguistic nature, including propositions in natural language. Using this method- 
ology, the odd set DD can be given the following linguistic interpretation: "the model is 
adequate in the set of points of the experiment X I ..... XN". Because D~o~<l, the assertion 
about adequacy is relative in nature. 

By using the linguistic interpretation of the odd set DD a measure of model quality can 
be introduced that relies on the quantitative equivalent of the degree of definiteness (even- 
ness) of the proposition about the adequacy of the model. To do this, a quantitative measure 
of evenness that is governed by the volume of the domain of intersection of the odd set and 
its complement [7], was used. In the case of odd sets this domain is nonempty and the broader 
it is the more the odd set differs from the even, and therefore, the higher the degree of its 
oddness. Modifying somewhat the evenness measure introduced in [7] in application to our 
conditions, it can strictly be shown that the quantitative measure of the definiteness of the 
proposition about the quality of the model is estimated by a simple expression. 

N 

I ~ Dio. 
Dm= N ~-~ (3) 

i-----q 

It is clear that upon comparison of a series of models the best will possess maximal D m. 

Under the real conditions of performing experiments it can turn out that the possibility 
of realizing each of them is characterized by the probability Pi, i = i, ..., N. Experiments 
can be performed at different times with different accuracy and with a different degree of 
control on the influence of external effects. Analysis of these factors can result in the 
formation of desirability functions ~x(X i) that characterize the quality of the experiment. 

I 
Pimin (~x(Xi), D~o) In such cases D m is evaluated by means of the generalized formula Dm~=~ i=I 

The parameters are estimated by means of the formulas 

N N 
o, = oi,o,o/(  l 

i = I  i = 1  

=I .... ,k, 
(4) 

where (Oii ..... Ohm) ~ arg max D (Xi, e). 

It is seen from (4) that within the framework of the method being proposed the parameters 
are estimated with suitability of the different points of the experiment being taken into 
account for identification of the models at these points in terms of the quality estimates, 
which, in sum, also permits designation of this method as structural-parametric. 

The method being proposed has been used earlier to identify mathematical models of ther- 
mal and power processes during hot rolling of aluminum alloys [8]. The method is used in this 
paper for a comparative estimation of the quality of models of the solidification process. 
The experiments were performed for casting A1 and Zn in a 140 ran high steel cylindrical heat 
insulated chill mold with a 97 mm inner radius and 15 mmwall thickness. The temperatures 
were measured at the center of the casting TI~) and at a 1 mm depth from the chill mold 
working surface T2(~). At the time of removal of the overheating, i.e., at T l = T k the liquid 
residue was poured off and the thickness was measured of the frozen crust. By means of the 
measured values of T2(~) the heat flux, q(~), on the working surface of the chill mold was restored 
by solving an inverse heat conduction problem in order to obtain the boundary conditions for 
formulating the problem of heat transfer during solidification. 

Two competing mathematical models of the process were investigated. In the first (model 
i), the extensively utilized method [9] permitting implicitly taking account of convective 
mixing in the liquid phase by introducing the effective heat conduction coefficient was used. 
Model 1 can be represented in the following form in a cylindrical coordinate system 
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p~C aO~ - 1 a ( aa_~ ) aO~ =~ 
a t  , (5) 

_ _  - -  _ _  [~e r , 

a~ r ar \ ( 6 )  

O r  r=0 ~=0 R--~(~) r=R--~(~) 

d~ ~2 aQ2 [ __ %~ OQ1 r=RL$(,) d--~ = p,--~" Or ~=~_~(~) p~L" ar ' (8) 

where the thermophysical coefficients depend on the temperature and in conformity with [9] 
I e = 10 + a(Q2(0 , ~) - Tk) n. The model parameters a, n depend on the thermophysical and 
rheological characteristics of the process and require identification under specific condi- 

tions. 

It was assumed in the construction of model 2 that there are no temperature gradients 
over the melt thickness in practice because of intense convective mixing, which permits con- 
sidering Q= as the mean temperature of the liquid core. Consequently, 

OQ2 2~ ( Q2 -- Tk) d~ 

aT p~C2 (R -- ~ (T)) d~ 

plL Or plL ' 

are introduced into model 2 in place of (6) and (8), where [9] ~ = b(Q 2 - Tk)nz. 

According to the theory, the model parameters n and n I are identical under identical 
casting conditions, while the parameters a and b differ by a factor. Numerical solutions 
were sought for both models by using the expanding mesh method. Estimates of the model ac- 
curacy were performed by the particular quality index 

= - -  (Q~ (0, "0 - -  T1 ('0) 2 d '0 ~ s, S~ = max I Q2 (0, ~) - -  T 1 ('0[, 
�9 17 M '~ 

$3 = (~ ('~) - -  H)/H, S~ = Q~ (0, ~ )  - -  T~ ( ~ .  

Under these conditions the last quality index is of independent value since it charac- 
terizes the accuracy of predicting the time of total removal of the heating ~m" 

Preliminary numerical experiments for the variation of a, n, b and n I in physically 
allowable ranges permitted estimation of the maximal and minimal allowable errors. The infor- 
mation obtained was used to construct desirability functions of particular criteria that had 
the form Pz = i - Sz/40 , P2 = i - $2/47 , say for S I and S 2. The functions Ds(Ss) and D4(S~) 
were represented by somewhat more complex nonsymmetric functions of their arguments. Because 

n and n I have an identical physical meaning, a common desirability function ~5(n) constructed 
on the basis of the recommendations in [9] and the results of preliminary numerical experi- 
ments was used to describe the physicality criterion of their values. 

No clear-cut preferences within the domains of their allowable values were disclosed 
successfully for the parameters a and b, consequently, no physicality criteria were introduced 
for them. Finally (2) was represented in the form 

Do (Xi) max rain (~?',  ~ =. ~, ~ = ~2 ,  /~3, ~ 4 ,  ~5 ), o,o, ( 9 )  

where O1, @2-- are the parameters a, n or b, n I depending on the selection of the model. 

The matrix of pairwise criteria comparison was constructed with the great importance 
of the accuracy criteria taken into account, which yielded the summarizing estimate a I = 2.62; 
a2 = 0.98; ~3 = 0.53; ~ = 0.53; ~5 = 0.33. 
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The maximin formulation results in multi-extremality and insufficient smoothness of the 
function (9). Consequently, the method of successive quadratic approximations [i0], that has 
a number of advantages over classical methods under these conditions, was used in searching 
for the extremum. 

For a series of tests with A1 for models 1 and 2, respectively, Dml = 0.47, Dm2 = 0.72 
were obtained by means of (3), and Dmz = 0.78, Dm2 = 0.73 for tests with Zn. 

It is hence seen that model 2 assures more stable and, on the average, more significant 
estimates of the quality criterion D m of the models, which indicates its greater preferability. 

Upon substitution of the parameters estimated by means of (4) in the model 2, the maximal 
errors hold for the prediction of the crust thickness and do not exceed 8% in the worst case. 

The reason for the lesser adequacy of model I, at first glance, evidently is the richer 
physical content as follows. Error compensation because of not taking account of convection 
in model 1 is realized by imposition of a certain perturbation by the introduction of h e. It 
is known that artificial methods of this kind work well although the perturbations are not 
large. In our case the latter is equivalent to the requirement I~0 - ~el/~0 < i. However, 
as practice shows, the necessary model accuracy is achieved only for values of h e exceeding 
~0 many times [li]. It is clear that this carries model 1 too far away from reality and makes 
it non-physical. 

The example considered permits an assessment of the constructivity of the proposed method, 
and its suitability for the solution of specific problems of structural-parametric identifica- 
tion. 

NOTATION 

X, Y, input and output variables of the model; ~ are model parameters; Yc, Ye, computed 
and experimental output variables; Qz, Q2, temperature fields in the solid and liquid phases; 
�9 , r, time and radial coordinate, Q0, temperature of the melt being cast; Pz, CI, ~z solid 
phase density, specific heat, and thermal conductivity; P2, C2, ~2, liquid phase density, 
specific heat, and heat conductivity; L, latent specific heat of melting; Tk, melting point; 
$(~) running crust thickness; R, inner radius of the crystallizer; ~0, heat conduction coef- 
ficient of the fixed melt; =, heat transfer coefficient between the melt and the solid phase, 
and ~m, freezing time. 
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